We address the general problem of detecting chemical interfaces arbitrarily oriented in space in coherent antiStokes Raman scattering (CARS) microscopy. Such a task is accomplished by using a beam reversal scheme, as recently demonstrated experimentally [J. Biomed. Opt. 16, 086006 (2011)]. We develop a full vectorial theoretical analysis of the situation and show that transverse chemical interfaces are readily highlighted without special care in the CARS signal detection. In addition, a finer analysis reveals that adequate angular analysis of the CARS far-field radiation pattern enables the detection of axial interfaces. Background-free CARS microscopy and spectroscopy are thus achievable through the combined application of excitation beam reversal and angular analysis of the CARS far-field radiation pattern. This differential CARS (D-CARS) technique is relevant for fast detection of interfaces between molecularly different media.
INTRODUCTION
In Part I [1] , we focused our analysis on axial chemical interface detection in collinear coherent anti-Stokes Raman scattering (CARS) microscopy. This particular detection scheme, qualified as conventional, makes use of excitation beams with a TM 00 fundamental Hermite-Gauss structure and is well adapted for CARS microscopy with narrowband laser sources, as is found frequently [2] . Our theoretical treatment of the problem highlighted the role of the vibrational phase in the shape of the anti-Stokes far-field radiation pattern near an axial interface between a vibrationally resonant and a nonresonant medium. Using a close analogy with the Young's double slit experiment [3, 4] , we have been able to show that correct spatial analysis of this radiation pattern could retrieve background-free vibrational information. Similar results had been obtained by Krishnamachari and Potma [5, 6] , who used a different strategy in which pump and Stokes laser beams with a higher-order Hermite-Gauss structure were used without the need for spatial analysis of the far-field radiation pattern.
Unfortunately, the technique we have introduced is fundamentally unable to highlight transverse chemical interfaces (i.e., interfaces between a vibrationally resonant and a nonresonant medium that are perpendicular to the optical axis) as performed in the work of Krishnamachari and Potma [7] . The reason for this stems from symmetry considerations. As reported in previous works [8] [9] [10] [11] , such interfaces are detectable only if two distinct CARS signals can be recorded with the roles of the resonant and the nonresonant medium reversed. Reversal of these two media has been experimentally challenging and preliminary studies required symmetrical samples and sequential acquisition of the two CARS signals [8] . Such limitations have precluded the use of this technique in CARS microscopy. Only recently we proposed and demonstrated an experimental scheme where such limitations were lifted [10, 11] . The reported beam reversal scheme relaxes the symmetrical sample condition and allows for simultaneous measurement of the two CARS signals. Background-free CARS spectroscopy has thus been demonstrated with improved signal-to-noise ratio (SNR) [10, 11] and this technique is compatible with microscopy applications. In principle, interfaces with arbitrary orientation may be highlighted. It is the purpose of this paper to establish the conditions in which detection of such interfaces is made possible.
We consider the situation whereby a sample constituted of a vibrationally resonant and a nonresonant medium make an interface arbitrarily oriented in space. The excitation, consisting of the pump and Stokes beams, sequentially impinges upon the sample in two opposite directions, in a beam reversal scheme. A previous work had restricted the analysis to the case of plane transverse chemical interfaces [9] . The present analysis goes beyond this special case by lifting the condition on the shape and the orientation of these interfaces. The treatment of this problem involves the three-dimensional full vectorial model used in Part I of this work [1] and the methodology is essentially the same as in our previous theoretical studies of CARS signal generation near chemical interfaces [1, 9] . We will show that, in the absence of special care on the detection of the two CARS signals, only transverse chemical interfaces are prone to highlighting. If proper spatial filtering is applied to the detected CARS signals, it will appear that axial chemical interfaces can be revealed as well with this differential CARS (D-CARS) technique. Eventually, we will discuss an optimized detection scheme revealing chemical interfaces independently of their orientation. This paper is divided as follows. In Section 2, we recall a two-wave interference experiment from which we can easily extract the physics underlying chemical interface detection. In Section 3, we give a description of the sample, which consists of a vibrationally resonant medium and a nonresonant medium, as well as the geometry of the excitation beams. In addition, we derive the analytical expressions of the CARS signals generated by the sample for two different excitation beam geometries. In Section 4, with the help of symmetry relations on the sample and the nonlinear induced polarization, we pave a bridge between the expressions of the CARS signals generated for different excitation beam geometries. Furthermore, we show how the subtraction of CARS signals generated with different excitation beam geometries reveals the interface between the vibrationally resonant and the nonresonant medium. In Section 5, we discuss CARS signal detection and subsequent schemes necessary to highlight transverse and axial chemical interfaces. For these tasks, we show that spatial filtering of the CARS signal is required, in a fashion similar to [1] . Finally, Section 6 discusses our results in the context of CARS microscopy and gives a brief summary of this work.
D-CARS AS ILLUSTRATED IN A TWO-WAVE INTERFERENCE EXPERIMENT
Similar to the case of an axial interface between a resonant medium and a nonresonant medium [1] , an interface between a resonant medium and a nonresonant medium with an arbitrary orientation can be described by two sources, namely, sources 1 and 2, arbitrarily oriented in space, as shown in Fig. 1 . In the laboratory frame, the relative position of the two sources is given by the distances a and d and the position of the observer monitoring their far-field interference pattern is given by the angle θ. The intensity I α of the far-field interference pattern seen by the observer in the θ direction [ Fig. 1(a) ] has its expression slightly modified as compared to the case of an axial interface, following
where φ stands for the phase shift between sources 1 and 2. Contrary to the case of an axial interface [1] , if the observer looks at sources 1 and 2 from below, the situation is totally reversed as compared to the initial situation [ Fig. 1(b) ]. This is equivalent to the situation where the observer remains at its initial location and the locations of the two sources are swapped [ Fig. 1(c) ]. The intensity I β of the far-field interference pattern seen by the observer in this new swapped situation is thus given by
The intensity difference ΔIðθÞ ¼ I α ðθÞ − I β ðθÞ is eventually written
This expression is very close to the one found in the case of an axial interface [1] . The additional 2πd=λ term accounts for the spatial shift of the sources in the axial direction [10] . In particular, ΔIðθÞ is still proportional to the imaginary part jE 1 j sinðφÞ of the complex field E 1 expðiφÞ. In a direct analogy, the imaginary part of the anti-Stokes far field generated in the vicinity of this interface with arbitrary orientation can be recovered by subtracting the anti-Stokes signals detected in the α and β situations.
ANTI-STOKES FAR FIELD GENERATED BY THE SAMPLE
A. Description of the Problem We consider the situation depicted in Fig. 2(b) , whereby two volumes V 1 and V 2 with arbitrary shapes make an interface (that is, importantly, arbitrarily oriented in space). Volumes V 1 and V 2 are assumed to be, respectively, on and off resonance. According to the study lead on axial interfaces [1] , their respective third-order nonlinear susceptibilities χ 
2NR are real. We are interested first in the (α) situation, whereby the pump and Stokes beams are focused into the sample constituted by the two volumes V 1 and V 2 , as shown in Fig. 2(a) , top. In the second (β) configuration, the pump and Stokes beams are focused into the sample in the reverse direction, as depicted in Fig. 2(b) , top. Similar configurations have been previously considered for spectroscopy applications in the case of a plane interface between V 1 and V 2 [8, 9] . The considered scheme implied the utilization of symmetrical or reversible samples, with little practical interest. More recently, we considered the apparatus, presented in Fig. 3 [10, 11] , whereby the pump and Stokes beams sequentially impinge upon the sample straight and in the reverse direction. More precisely, the pump and Stokes beams are focused a first time through objective lens 1 into the sample and the forward-CARS emitted signal is collected by objective lens 2 (identical to the objective lens 1) and then detected (α situation). The pump and Stokes beams are then reflected by a bandpass filter and are focused once again into the sample through objective lens 2. The emitted signal is collected by objective lens 1 and then detected (β situation). Despite its close similarity to a 4π-confocal microscope [12] , special care must be taken to avoid interference between the incident and reflected excitation beams. Working with picosecond pulses whose length barely exceeds 1 mm prevents such interference. We note that other experimental configurations are possible. For instance, it may be possible to split the pump and Stokes beams into two separate replicas that would then be individually focused on the sample by objective lenses 1 and 2. Because this technique does not rely on the interference between the excitation beams or generated signals in the α and β situations, the mechanical stability of the setup is not as crucial as in interferometric techniques [10, 11] . The excitation beams experience different situations during their first and second pass into the sample. In the frame defined by the excitation beams, media 1 and 2 define the volumes V 1 and V 2 (first pass, Fig. 2 . Similar to the notations adopted in [8, 9] , these two configurations are referred to, respectively, as the α and β problems. The transformation ðr; kÞ → ðr 0 ; k 0 Þ operated when switching between the α and β problems relaxes all symmetry conditions on the sample composed of volumes V 1 and V 2 . In opposition, successful implementation of the Dk-CARS technique introduced in Part I [1] is conditioned to the invariance of the sample along the optical axis. As for the study of CARS emission near an axial interface [1] , we will make two important assumptions. First, the refractive index of each medium is constant for pump, Stokes, and anti-Stokes frequencies. Second, the two media have the same refractive index. In addition, we will assume that the pump and Stokes beams incident on the objective lenses are linearly polarized along the x axis. The numerical results shown throughout this paper were obtained with the same parameters as in Part. I [1] .
B. Anti-Stokes Field and Intensity Generated in the α Problem Following our previous studies of CARS generation near interfaces [1, 9] , the anti-Stokes field generated in the k direction by the volumes V 1 and V 2 is written as
MðkÞSðr; 1=3Þ expðik · rÞdr : ð5Þ
The scalar quantities χ tensors, and ρ R is the Raman depolarization ratio of the probed Raman line. The vector Sðr; ρ R Þ is defined by Eq. (6) in [1] and verifies the symmetry relations reported in [1, 9] . In addition, we remind the reader that the relation Stokes beams are focused a first time into the sample (α problem) through objective lens 1 and are then reflected by a dichroic filter to be focused into the sample at the same point (β problem) through objective lens 2. The generated forward anti-Stokes signals are then collected by objective lenses 2 and 1, respectively, before being detected by detectors 1 and 2, respectively. Objective lenses 1 and 2 define the angular apertures over which the anti-Stokes signals are collected and then detected. The α and β problems consider the anti-Stokes signals generated in the k and k 0 directions and collected by objectives 2 and 1, respectively. Note that, because the referential is defined by the direction of propagation of the excitation beams for each (α or β) problem, the k y and k z axes, for the respective α and β problems, have opposed orientations in the laboratory frame.
where A is a constant and × denotes the cross product, holds. Writing the integrals in Eq. (5) The anti-Stokes intensity generated in the k direction is the summation over pure contributions from the resonant and nonresonant parts of the volumes V 1 and V 2 , and cross terms between these contributions [9] .
C. Anti-Stokes Field and Intensity Generated in the β Problem In the same way, we express the anti-Stokes field generated in the k 0 direction for the β problem following
Using condensed notation on integrals, we can express the anti-Stokes far-field intensity generated in the k 0 direction following
SUBTRACTION OF THE SIGNALS GENERATED BY THE SAMPLE
A. Symmetries on the Integral Expressions Similar to the case of axial interfaces [1] , we shall link the integral expressions for the α and β problems, i.e., to express I V ðρ R ; kÞ as a function of I V 0 ðρ R ; k 0 Þ. We start by recalling the expression of I V ðρ R ; kÞ following
where we remind the reader that r 0 ¼ ðx; −y; −zÞ and k 0 ¼ ð−k x ; k y ; k z Þ. Making the change of variable r → r 0 leads to
as dr 0 ¼ dr. Following Table 1 in [1] , the S vector exhibits the following symmetry relation:
where the vector S 0 is defined by S 0 ¼ ð−S x ; S y ; S z Þ. On the other hand, invoking Eq. (6) and performing some simple algebra leads to
where, similar to the notation introduced in [1] , D x is the diagonal matrix defined by
Combining Eqs. (13) and (14) results in the relation
Introducing Eq. (16) into Eq. (12) thus leads to
Finally, we obtain the relation
In this way, the anti-Stokes far-field intensity generated in the k 0 direction for the β problem explicitly depends on the same vectorial integrals as in the k direction for the α problem. In particular, the relation
where the index i takes the value 1 or 2, is verified.
B. Expression of the Intensity Difference
As in our previous studies of CARS signal generation near transverse [9] and axial interfaces [1] , we can proceed to the subtraction of Eq. (10) ð1=3; kÞ
This difference is the sum over the three terms T 1 , T 2 , and T 3 , to which we refer following their order of appearance. Some basic operations on these three terms lead to
The intensity difference can be thus rewritten under the expression
with
As is already known in the case of a plane transverse interface between a resonant medium and a nonresonant medium [8, 9] , this signal difference is proportional to the imaginary part of χ ð3Þ1R xxyy , which is known to be the pure Raman spectrum of medium 1 [13] . Moreover, it is also proportional to a linear combination of nonresonant terms χ ð3Þ1NR xxyy and χ ð3Þ2NR xxyy with the effect to heterodyne the recovered pure Raman spectrum [14] .
DETECTION SCHEMES FOR HIGHLIGHTING INTERFACES
So far we have made no specific assumption over the geometry of volumes 1 and 2. In the case where the two volumes make a common interface, the efficient detection of this interface is only possible if both terms F 1 and F 2 are nonzero. As pointed out in [9] , if volumes 1 and 2 are two semi-infinite media that form a plane transverse interface [perpendicular to the z direction; see Fig. 4(a) ], the microscopy setup presented in Fig. 3 is able to highlight this transverse interface without any further care over the detection of the anti-Stokes signals.
As an example, we simulate CARS imaging of a 3 μm diameter bead (volume 1) embedded in a pure nonresonant medium (volume 2) that shares the same spectroscopic properties with [1] . Figure 5 depicts CARS imaging (via raster or laser scanning) of the bead and its surrounding medium in the (y ¼ 0) plane. It is important to note that, in the cases of the α and β problems, the anti-Stokes detected signals I α ðk α Þ and I β ðk β Þ result from the integration of the anti-Stokes fields over the full numerical aperture (NA) of the objective lenses. On resonance [Figs. 5(a) and 5(b)], the CARS images for the α and β problems essentially differ in the neighborhood of the upper and lower transverse interfaces. These differences are highlighted when the two images are subtracted [ Fig. 5(c) ]. In this Z-interface detection mode, the signal difference jI α ðk α Þ − I β ðk α Þj is all the more pronounced than when the highlighted interface is perpendicular to the z axis. In the limit of an interface parallel to the z axis, this differences vanishes, as can be seen in the (z ¼ 0) plane in Fig. 5(c) difference is operated [ Fig. 5(f) ]. Demonstration of chemical selectivity of this Z-interface detection mode is thus established, in accordance with Eq. (24). This special scheme gives similar results to focus-engineered CARS microscopy [7] without the need for wave-front engineering of the Stokes beam. The case of plane axial interfaces [along the x and y directions; see Figs. 4(b) and 4(c)] brings more subtlety into the analysis. Indeed, as it will be shown in the following, in the absence of any care in the anti-Stokes signal detection, the terms F 1 and F 2 both vanish. Strategies employed to highlight axial interfaces in a single pass scheme [1] will be thus necessary. Our analysis of the problem is based on the observation that, in the absence of special care, the anti-Stokes detected signals result from the integration of the anti-Stokes fields over the cone of detection defined by the NA of the objective lenses. In particular, as shown in Figs. 4(b) and 4(c) , for any direction k 1 contained therein, one can define symmetrical directions k 2 and k 3 by reflections around the k y and k x axes, respectively. We shall show that, in the case of a plane interface perpendicular to the x axis (respectively, the y axis), the addition of the anti-Stokes signal differences operated in the k 1 and k 2 (respectively, k 3 ) lead to combined vanishing F 1 and F 2 terms.
A. Plane Interface Perpendicular to the x Axis Volumes 1 and 2 form here a plane interface perpendicular to the x axis, located at x ¼ x 0 [Fig. 4(b) ]. For any direction k 1 ¼ ðk x ; k y ; k z Þ contained within the cone of collection, there is a symmetrical direction k 2 ¼ ð−k x ; k y ; k z Þ therein. We shall show that the sum over the anti-Stokes signal differences collected in these two directions is null. For that, we express this sum as ΔI as ðk 1 Þ þ ΔI as ðk 2 Þ. According to Eq. (24), this sum involves the computation of
For both volumes (V 1 and V 2 , here referred to indifferently as V ), we shall express the vectorial integral I V ðρ R ; k 2 Þ as a function of I V ðρ R ; k 1 Þ. We first recall the expression of I V ðρ R ; k 2 Þ following
The change of variable r → r 0 , where we remind the reader that r ¼ ðx; y; zÞ and r 0 ¼ ðx; −y; −zÞ, leads to
We note that this change of variables leaves the volume V unchanged as its extension is infinite along the y and z axes. As discussed in Subsection 4.A, the relation
holds and we find finally that
Introducing Eq. (32) into Eqs. (27) and (28) leads to the cancellation of the terms
and, thus, of ΔI as ðk 1 Þþ ΔI as ðk 2 Þ. The signal difference detected in the k 1 direction thus cancels out the signal difference detected in the k 2 direction. The signal difference integrated over the collection NA is thus null and the setup is unable to highlight any plane interface perpendicular to the x axis.
To make the detection of such interfaces effective, it is necessary to break the symmetry in the anti-Stokes signal detection. One solution is given by our previous study on axial interfaces [1] . As shown in Fig. 4(b) , it consists of selecting 
in the cases of the α and β problems. This XZ-interface detection mode can be implemented, for instance, by introducing spatial filters in the Fourier planes of objective lenses 1 and 2 before the detectors, similar to the technique used in our previous experimental work on axial interface detection [3, 4] . This strategy is illustrated in Fig. 6 , where the test sample, consisting of a 3 μm diameter resonant bead embedded in a pure nonresonant medium, is imaged in its equatorial plane (z ¼ 0). As mentioned previously, the anti-Stokes signal difference jI α ðk α Þ − I β ðk α Þj vanishes in this plane when the Z-interface detection mode only is used [ Fig. 6(a) ]. On the contrary, when the XZ-interface detection mode is activated, the signal difference jIðk þ α;x Þ − Iðk − β;x Þj does not vanish everywhere and the interfaces perpendicular to the x axis are revealed, as shown in Fig. 6(b) .
B. Plane Interface Perpendicular to the y Axis
The case of a plane interface perpendicular to the y axis is very similar to the previous one. Here the interface is located at y ¼ y 0 and we consider the two symmetrical directions k 1 ¼ ðk x ; k y ; k z Þ and k 3 ¼ ðk x ; −k y ; k z Þ. We will show that the sum over the signal differences collected in the directions k 1 and k 3 is null. For this purpose, we shall compute
Following the same methodology as for the case of a plane interface parallel to the x axis, we will express I V ðρ R ; k 3 Þ as a function of I V ðρ R ; k 1 Þ, where V is indifferently related to V 1 and V 2 . We start by expressing I V ðρ R ; k 3 Þ following
The change of variable r → r 00 , where r 00 ¼ ð−x; y; −zÞ, leads to
We note that this change of the variable leaves the volume V unchanged as its extension is infinite along the x and z axes. Following a similar methodology as in Subsection 4.A, we can prove, using symmetry relations established in Table 1 in [1] and invoking Eq. (6), that
where, similar to the notation introduced in [1] , D y is the diagonal matrix defined by
We finally obtain the relation
Using Eq. (38), we can show that the sums
The signal difference detected in the k 1 direction thus cancels out the signal difference detected in the k 3 direction. The signal difference integrated over the collection NA is thus null and the setup is unable to highlight any plane interface perpendicular to the y axis. Such interfaces can be highlighted using a strategy similar to the case of a plane interface perpendicular to the x axis. As shown in Fig. 4(c) , it consists in selecting the anti-Stokes signals Iðk þ α;y Þ and Iðk − β;y Þ emitted, respectively, in the ðk y > 0Þ and ðk y < 0Þ regions of the reciprocal (Fourier) space in the cases of the α and β problems. In Fig. 6(c) , this Y Z-interface detection mode is illustrated on the previous test sample, which consists of a 3 μm diameter resonant bead embedded in a pure nonresonant medium. The signal difference jIðk þ α;y Þ − Iðk − β;y Þj recovers the interfaces perpendicular to the y axis.
C. Interface with Arbitrary Orientation
Full advantage of our method is gained when the interface recovery is not conditioned to its orientation. The difference expressed in Eq. (24) is made over anti-Stokes signals generated in two particular directions. In the general case, it does not vanish. Consequently, detection of interfaces with arbitrary orientation may be possible after subtraction of these two specific anti-Stokes signals. As seen in the previous subsections, this is the integration of the anti-Stokes signal over many directions that may preclude their detection. As suggested in [1, 3, 4] , in the case of axial interfaces, interfaces with arbitrary orientation can be unravelled using the scheme presented in Fig. 4(d) . The anti-Stokes signal difference is operated in the Fourier space in a discrete instead of an integrated manner: the signals generated in the k and k 0 directions in the α and β problems have to be individually subtracted, the sum over the absolute values of the individual signal differences being performed at last. To perform this task experimentally, punctual detectors have to be replaced by imaging devices (cameras, for instance) that are directly set in the Fourier planes (or conjugated planes) of the two objective lenses. An example of this XY Z-interface detection mode is given in Fig. 6(d) . The full contour of the 3 μm diameter resonant bead embedded in a pure nonresonant medium is highlighted in its equatorial plane, independently of the interface orientation along the x or y direction. We note that the slight modification in the image contrast in the x and y directions is related to the linear nature of the pump and Stokes beams' polarization. Further insight on this detection mode is gained by comparing simulated images in the (y ¼ 0) plane of the 3 μm diameter resonant bead embedded in a pure nonresonant medium (Fig. 7) . The XY Z-interface detection mode [ Fig. 7(b) ] reveals interfaces oriented perpendicular to the z axis as well as to the x and y axes, in contrast with the Z-interface detection mode [ Fig. 7(a) ], which highlights the upper and lower interfaces only, oriented perpendicular to the z axis. The contrast difference between the interfaces perpendicular to the x and y axes, on the one hand, and the interfaces perpendicular to the z axis, on the other hand, reveals that the XY Z-interface detection mode is more sensitive to interfaces perpendicular to the z axis.
CONCLUSION
In this paper, we have theoretically investigated the capability of conventional CARS microscopy to highlight interfaces between a vibrationally resonant medium and a nonresonant medium with arbitrary orientation. For this task, the pump and Stokes excitation beams have to sequentially impinge upon the interface in two opposite directions and the subsequent generated anti-Stokes signals have to be subtracted. This D-CARS differential scheme extends the capability of the Dk-CARS technique introduced in [1, 3, 4] . The beam reversal scheme adopted here takes full benefit of the spatial symmetries of the generated anti-Stokes signals and lifts the restriction imposed in Part I of this work [1] on the interface orientation and shape. Experimentally, it allows backgroundfree CARS spectroscopy of an usual solvent with high SNR [10, 11] . Similar to the case of the Dk-CARS technique, refractive index mismatch and scattering are prone to distort the contrast in D-CARS imaging of thick samples and tissues. Nonetheless, such limitations may be lifted in cell imaging where these effects are limited.
The differential CARS microscopy schemes presented in Parts I and II can be very simply understood in terms of two-wave interference experiments. They take full advantage of the coherent and resonant nature of CARS to efficiently remove the nonresonant part of the anti-Stokes signal and thus improve the contrast in CARS microscopy. Compared to a prior spectroscopy scheme [8, 9] , the simultaneous acquisition of the two anti-Stokes signals insures imaging with better SNR. Because the differential schemes are designed for narrowband (picosecond) laser sources and do not involve excitation beams with higher-order Hermite-Gauss profiles, they can be easily implemented on most CARS microscopy setups. 
